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It is well known that ar t iculat ion may cause the electr ic  and the rmal  conducting propert ies  of a 
medium to become anisotropic.  Extensive experimental  data relating to the conductivity of rock 
were presented in [1], and according to these data the ambient res i s tance  in the case of an o r -  
der ly  a r rangement  of c racks  noticeably depends on the direction along which it is measured;  an 
ellipsoid of r es i s t ance  anisot ropy can be constructed f rom the measurement  resul ts .  A pronounced 
corre la t ion  between the orientat ions of the res is t iv i ty  extrema and the orientation of the c rack  
sys tem is observed here.  A compar ison betwen the "direction rose"  of the f rac tures  and the 
"direction rose"  of the art iculat ion carr ied  out for different regions has shown that they are  iden- 
tical.  A c rack  density tensor  T a descr ibing the average  (with respec t  to a given volume) geom-  
e t ry  of the a r t icu la t ionhas  been introduced [2, 3]. In the cur ren t  work, it is proved that T a can 
be effectively used in problems involving anisotropic e lect r ical  and thermal  conductivity. The 
res is t iv i ty  tensor  ~ and thermal-conduct iv i ty  coefficient tensor  K, which charac te r i ze  the anisot-  
r opyo f the  e lec t r ica l  and thermal  conducting proper t ies ,  are  expressed in t e rms  of Ta .  The 
s t ruc ture  of this relation is established; the equations presented allow us to find the form of 
(~ and K if the art iculat ion pa rame te r s  are  known. 

Art iculat ion geometry  in a body containing N c racks  [2, 3] is ent irely described by the delta-shaped field 
of a bivalent symmet r i c  tensor  

N 

Ta = ~ b~niniS(Si) , 
i = i  

where bi and n i a re  the opening of the c r ack  and the unit normal  to its middle surface (in general ,  variables 
along each crack),  5(Si) is a delta function concentrated on the surface Si, and i is the number of the crack.  The 
volume mean 

I N �9 
/ ' \  -v- E J b~dS----r~ (1) \ T u / v  i=Isi(v) 

will be called the c rack  density tensor .  

The c r ack  density tensor  is a purely geometr ic  parameter ,  and must be somewhat modified for describing 
conducting proper t ies .  In fact (in the case of not ve ry  powerful electr ic  fields), the contribution made by the 
i-th crack. to  an increase  in the ambient r e s i s t ance  is independent of crack opening bi, so that We will modify 
the c rack  density tensor  T a ,  defining it as the volume mean of the tensor  field, 

T~ : ~n ln i8  (S~). 
i 

We find that 

t ( S ~ ) d V = - ~ - Z  S andS ro  : < r : > v  : 7 
V i i sgv) 

(2) 
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is a b ivalent  s y m m e t r i c  t enso r ,  giving an averaged  (with r e s p e c t  to volume V) desc r ip t ion  of the a r t i c u l a -  

t ion,  while the contr ibut ion made by the i - th  c r a c k  to the  mean depends on the a r ea  and or ienta t ion  of its 
middle  su r face  and is independent of bi. We note that  the l i nea r  invar ian t  of T a  is given by 

SpT~= 1_ ~ i (nn) d S = ~  a, 

where  E(V) is the to ta l  a r e a  of the s u r f a c e s  of the banks of the c r a c k s  contained in volume V. 

The d y a d l m  is taken outside the in tegra t ion  and summat ion s igns in the inportant  case  of s t r a t i f i ed  
a r t i cu l a t ion  (a s ingle  s y s t e m  of p a r a l l e l  two-d imens iona l  c racks)  and 

Ta----ann. 

The t enso r  T a is s p h e r i c a l  in the case  of " random" ("unsys temat ic")  a r t i cu la t ion .  

It is well  known that Ohm's  law in an an i so t rop ic  medium has the form 

J =- -~"  Vq~' (3) 

where  j is the cu r r en t  dens i ty  vec to r ,  , is e l e c t r i c  field potent ia l ,  and a is  the bivalent  r e s i s t i v i t y  t en so r  
(it is usual ly  a s sumed  to be s y m m e t r i c  in acco rdance  with the Onsager  p r inc ip le  [4]) ; the dot denotes con- 
volution with r e s p e c t  to a s ingle  index. The values  occu r r ing  in Eq" (3) a r e  understood to be aveages  with 
r e s p e c t  to some " e l e m e n t a r y  volume."  

It is  a s sumed  that the medium is i so t rop ic  in t e r m s  of conducting p r o p e r t i e s ,  i .e . ,  ~ = s0I (I is  auni t  
t ensor ) .  We will  a l so  a s s u m e  that  a r t i cu la t ion  is the sole  r e a s o n  for  the an iso t ropy .  Then the d i f fe rence  
S o I - a ,  de sc r i b ing  the va r i a t ion  of conduct ivi ty  due to a r t i cu la t ion ,  wil l  be a function of the c r a c k  densi ty  
t en so r ,  

Sol--~=f( Tr (4) 

We may see  that  f is an i so t rop ic  t enso r  function. In fact, this means ,  Let us define this  function concre te ly .  
accord ing  to one defini t ion [5], that 

/(A. T,z.A*)=A .f(Ta).A*, (5) 

where  A is a t e n s o r  that  defines an a r b i t r a r y  l i nea r  or thogonal  t r a n s f o r m a t i o n  and A* is the t enso r  con- 
jugate to A. The meaning of Eq. (5) is that ,  as the s y s t e m s  of c racks  undergoes  " ro ta t ions"  and " m i r r o r  
r e f l ec t ions , "  the c u r r e n t  vec to r  wil l  undergo a co r r e spond ing  t r a n s f o r m a t i o n .  This  condition holds if the 
m a t e r i a l  is i t se l f  i so t rop ic .  We may t h e r e f o r e  use the H a m i l t o n - C a y l e y  theo rem in o r d e r  to r e p r e s e n t  
Eq. (4) in the fo rm 

soI--(~=cof +ciTc~+QT~" To,, (6) 

where  the s c a l a r  coeff ic ients  c 0' ct, and c 2 a r e  functions of the i n v a r i a n t s o f T ~ .  C lea r ly ,  the t e n s o r s  s 0 I - a  
and T~ a r e c o a x i a l .  

Let us a s sume  th at c u r r e n t  a t tenuat ion due to a r t i cu la t ion  is equal  to the sum of the a t tenuat ions  c o r -  
responding  to each c r a c k  (weak in te rac t ions  between c racks ) .  That is ,  as the a r t i cu la t ion  in the e l emen-  
t a ry  volume is ( a rb i t r a r i l y )  divided into s e v e r a l  groups  of c r a c k s ,  

=T~ +T~z + . . .  T~ (1) (2) 

we wil l  have 

= + I + . . . .  

It t h e r e f o r e  follows that  f is l i nea r  and homogeneous,  i .e . ,  Eq. (8) reduces  to the fo rm 

sol -- ~ =sl T~+s2(sp T~)I, (7) 

where  s I and s 2 a r e  s c a l a r  coeff ic ients  independent of T~.  

We now impose  the na tu ra l  r e q u i r e m e n t  that  the ambient  conductivity in d i r ec t ions  pars  l le l  to the 
c r a c k s  be the s ame  in the ca se  of s t r a t i f i ed  a r t i cu la t ion  as in the absence  of c r acks .  (This r equ i r emen t  
holds for c r a c k s  with a s m a l l  opening that  do not s t rong ly  influence the c r o s s - s e c t i o n a l  areo pe rpend icu la r  
to them.) We d i r e c t  the x 1 axis  of the C a r t e s i a n  coord ina te  sys t em along the n o r m a l  to the c rocks  n .  F r o m  
Eq. (7) we find that  
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~ =  [so--(sz + s~)cz ]ezez+ [so--szcr ]e~e~+ [So--S# ]e3e3 

(e i is a unit vec tor  along the x i axis). It is therefore  c lear  that this requi rement  leads to the condition s 2= 
0. 

Thus, the res is t iv i ty  tensor  has the s t ruc ture  

~ = s o I  - -  szT~ (8) 

or (along the principal  axes), 

cl = (So--Szal)elez + ( So--sza2)e#~-/  (so--sla3)%% , (9) 

where ~ i  a re  the princiPal  values of T~ that cha rac te r i ze  the density of the art iculat ion (area of free su r -  
faces) in the e i direct ions.  Since art iculat ion decreases  ambient conductivity, st> 0. 

Let us consider  the case of importance for rock in which the art iculat ion is formed by severa l  sys -  
tems of paral le l  c racks .  Here  the vec tor  n is constant within each sys tem of cracks ,  so that removing the 
d y a d n n f r o m  the integral  signs in Eq. (2), we obtain 

a = s o [  - sl~- n in iF i ,  (10) 
i 

where F i, which cha rac t e r i ze s  the density of the art iculat ion of the i ' t h  sys tem of c racks ,  is equal to the 
f ree  sur face  a rea  of the c racks ,  r e fe r red  to an averaged volume V (in rock mechanics,  F i is somet imes 
re fe r red  to as the packed rock density [6]). 

For  a medium with stratif ied art iculation ~2 = ~3= 0, and 

(l=(s0 = SlCZ)elel+so( e~e~ +e3%), (11) 

so that it is c lear  that the ambient conductivity is identical in all directions paral le l  to the cracks .  

In the case of random art iculat ion (~1 = ~2 = ~3) the tensor  is spherical  and conductivity is isotropic.  
Equations (9)-(11) express  a in t e rms  of the art iculat ion pa rame te r s .  

It was supposed above that the c rack  cavities were either empty or filled with a mater ia l  which was 
assumed to have infinite r e s i s t ance  (air). In actual prac t ice  it is often the case  that c rack  cavities are 
filled with a mate r ia l  of fInite res is tance .  Such filling can be taken into account within the f ramework of 
our model in the following way. 

If a f i l ler  is present ,  the opening b of the slits becomes a substantial factor ,  so that it is necessa ry  
to avoid modifying the tensor  T~ and instead assume that it is determined by Eq. (1). We will take an ef-  
fective value for the c rack  density tensor :  

where s ,  is f i l ler  r e s i s t ance  and ~o~ is given by Eq. (1). When s .  < s 0, the components of Toz become nega- 
tive. This cor responds  to the natural  fact that c racks  containing a fi l ler  which constitutes a better con- 
ductor than the "basic" mater ia l  dec reases  the ambient res is tance .  (A s imi lar  situation is typicaI for rock 
whose cracks  a re  filled with different types of liquids.) 

Heat t r ans fe r  by the rmal  conductivity is analogous to the t ransfer  of e lect r ical  energy. The basic 
equation will be the Four ie r  thermal-conduct iv i ty  law h = - K  "Vr, where h is the heat flow vector ,  ~- is t em-  
pera ture ,  and K is a bivalent tensor  of the thermal-conduct iv i ty  coefficients which, as in the ease of the r e -  
sistivity tensor ,  is usually assumed to be symmetr ic .  If the medium is isotropic in t e rms  of conducting 
proper t ies  (K;k0 I) in the absence of c racks ,  i.e., art iculation is the sole cause of anisotropy, K ; K ( T o ) .  

RepeatIng the arguments  used in defining the function (4) word for word, we a r r ive  at the equation 
K = k0I -k lT  , which is analogous to Eq. (8). 
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